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nren.te alternanw mathema.tma But how do we mtmdum

. » mathematics? One very simple way to achieve this is to allow
~ notions like "small,” "large,” and "few.” However, another way is to modify
~ the most basic object of mathematics, that is, to modify sets. In this respect,

: fuzzy mathematics is a form of alternative mathematics since it is based on a
generalization of set membership.

In fuzzy mathematics, an element may belong to a degree to a set, while
in ordinary mathematics, it either belongs or does not belong to a set. This
simple idea has been applied to most fields of mathematics.It enables one to
work in uncertain and ambiguous situations and solve ill-posed problems or
problems with incomplete information.

This dissertation consists of four chapters.In the first chapter we discuss
some preliminaries and definitions.In the second chapter, we discuss about
Fuzzy arithmetics.In the third chapter,we discuss about fuzzy logics and oper-

ations and in the fourth chapter, some applications of fuzzy mathematics
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Definition 1.1 A set is defined as a collection of distinct, well-defined ob-
jects forming a group.

Definition 1.2 Let A and B be two sets. The Cartesian product of
these sets is denoted by A x B and consists of all ordered pairs (a, b) with aeA
and beB

Definition 1.3 A binary operation * on a set A is a function mapping

A x Ato A defined as
(a,b)=ax*b

Definition 1.4 A function f from A to B is defined as a rule that assigns
each element of A.

Definition 1.5 Domain of a function is the set of values for which the
function is defined.

Definition 1.6 Range of a function is the set of all function values.




AcX.

In this case, we say a set A is included the universal set X.

Definition 1.10 If an element x is included in the set A, this element
is called as a member of the set and the following notation is used.

TeA.

If the element x is not included in the set A, we use the following notation.

z & A

Definition 1.11 The cardinality of a set is a measure of a set’s size,The
cardinality of set A is denoted by |A|. If the cardinality —A— is a finite num-
ber, the set A is a finite set. If |A| is infinite, A is an infinite set.

Definition 1.12 The relative complement set of set A to set B con-
sists of the elements which are in B but not in A. The complement set can be
defined by the following formula.

B-A ==§:|.TEB, zﬂl&




AU B = z|zeAorzeB.

Definition 1.15 The intersection AN B consists of whose elements are
commonly included in both sets A and B.

AN B = z|reAandzeB.

Definition 1.16 A decomposition of set A into disjoint subsets whose
union builds the set A is referred to a partition. Suppose a partition of A is m,

m(A) = Ailiel, AicA
then A; satisfies following three conditions.

L Ai#¢

2. ANAj=¢,i # j,i, jel

3 N A=A




In fuzzy sets, each elements is mapped to [0,1] by membership function.

set X to set [0,1).

va: X 5{0,1)

Vy X [0, 1]
where [0,1] means real numbers between 0 and 1 (including 0,1). Consequently,
fuzzy set is vague boundary set comparing with erisp set.

Definition 1.19 If there arc a universal set and a crisp set, we consider
the set as a subset of the universal set. In the same way, we regard a fuzzy set
A as a subset of universal set X

Definition 1.20 The a — cutsetA, is made up of members whose mem-
bership is not less than a.

Ax = EX]vA(m)za)
note that a is arbitrary. This a-cut set is a crisp set.

Definition 1.21 Suppose there are two fuzzy sets A and B. When their
degrees of membership are same, we say “A and B are equivalent”. That is,

A = B iff vy(z) = vp(z), for all zeX

If va(z) # vs(c) for any element, then A # B. If the following relation is

satisfied in the fuzzy set A and B, A is a subset of B.

va(z)<vp(z), forallzeX




n 1.23 We can find complement set of fuzzy set A likewise in
e denote the complement set of A as A' . Membership degree can
as following

- Vy(2) = 1= vy(a), for all zeX.
If we calculate the complement set of “adult” as A’ , we may have
= (5, 1), (15, 0.9), (25, 0.1).

Definition 1.24 consider a fuzzy set satisfying A # ¢ and A # X... The
pair (A, A’ ) is defined as fuzzy partition.

Definition 1.25 Intersection of fuzzy sets A and B takes smaller value
of membership function between A and B.

Intersection A N B is a subset of A or B.

"]
3 va(z) = Minvs(z), vp(z)], forallzeX
]
-]

"] Definition 1.26 A fuzzy number is a generalization of a regular real num-

“} ber in the sense that it does not refer to one single value but rather to a

? connected set of possible values, where each possible value has its own weight
between 0 and 1.This weight is called the membership function.

Definition 1.27 The degree of fuzzmws is determined by the a-cut which
is called the fuzzy spread.




2.1 Introduction

Fuzzy Arithmetic Operations are Exact Mathematical Methods, introduced
by Zadeh (1975).Fuzzy numbers are specific types of fuzzy sets that are used
for representing the values of real-world parameters when exact values are
not measurable due to incomplete information or a lack of knowledge. Fuzzy
number: A: R — [0,1] A fuzzy set A in R is said to be a fuzzy number if i)

A must be a normal fuzzy set i) A must be a closed interval for every ae(0, 1]
iii) A must be bounded . gk

2.2 Fuzzy Number

A fuzzy number is a special case of a convex, normalized fuzzy set of the real
line. Just like fuzzy logic is an extension of Boolean logic (which uses abso-
lute truth and falsechood only, and nothing in between), fuzzy numbers are an
extension of real numbers. Calculations with fuzzy numbers allow the incorpo-
ration of uncertainty on parameters, properties, geometry, initial conditions,
etc. The arithmetic calculations on fuzzy numbers are implemented using
fuzzy arithmetic operations, which can be done by two different approaches:
(1) interval arithmetic approach; and (2) the extension principle approach. A
fuzzy number is equal to a fuzzy interval.

12
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-'Jinguiasic terms. The idea of Imgulstnc variables is essential to develnpment of
‘the fuzzy set theory. Fuzzy logic is primarily associated with quantifying and

reasoning out imprecise or vague terms that appear in our languages. These
terms are referred to as linguistic or fuzzy variables. A fuzzy system is any
system whose variables (or, at least, some of them) range over states that are
fuzzy numbers rather than real numbers. These fuzzy numbers may represent
linguistic terms such as “very small,” “medium,” and so on, as interpreted in
a particular context. If they do, the variables are called linguistic variables.
Each linguistic variable is defined in terms of a base variable, whose val-
ues are real numbers within a specific range. A base variable is a variable
in the usual sense, as exemplified by any physical variable (e.g., temperature,
pressure, electric current, magnetic flux, etc.) as well as any other numerical
variable (e.g., interest rate, blood count, age, performance, etc.). In a linguistic
variable, linguistic terms representing approximate values of a base variable,
relevant to a particular application, are captured by approximate fuzzy num-
bers. That is, each linguistic variable consists of the following elements:
oA name, which should capture the meaning of the base variable involved
oA base variable with its range of values (a closed interval of real numbers)
A set of linguistic terms that refer to values of the base variable
*A semantic rule, which assigns to each linguistic term its meaning—an ap-
propriate fuzzy number defined on the range of the base variable

An example of a linguistic variable is shown in figure. Its name is “perfor-
mance,” which captures the meaning of the associated base variable—a vari-
able that expresses the performance (in percentage) of a goal-oriented entity
(a person, machine, organization, method, etc.) in some context by real num-




Figure 2.1: example 1

2.4 Arithmetic operations on Intervals

Fuzzy arithmetic is based on two properties of fuzzy numbers: (1) each fuzzy
set, and thus also each fuzzy number, can fully and uniquely be represented by
its a-cuts and a - cuts of each fuzzy number are closed intervals of real numbers
for all ae(0, 1].These properties enable us to define arithmetic operations on
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Figure 2.2: example 2

fuzzy numbers in terms of arithmetic operations on their a-cuts (i.e., arithmetic
operations on closed intervals). The latter operations are a subject of interval
analysis, a well-established area of classical mathematics;we overview them
in this section to facilitate our presentation of fuzzy arithmetic in the next
section.
Let * denote any of the four arithmetic operations on closed intervals addition
+, subtraction -, multiplication e and division / -

Then [a,b) #[d, e] = f * g/a < b,d < g < e is a general property of all arith-
metic operations on closed intervals, except that [a, b]/[d ] is not defined,when

‘The four arithmetic operations of closed intervals are defined as follows:




[2,5] + (1, 3] = [3, 8] [0, 1] + -6, 5] = [6, 6],

[2,5] - [1,3] = [1, 4] [0, 1] - [-6, 5] = |5, 7],

[‘11 1] l'2'l '05] — [‘21 2] [3' 4] = [21 2] = [61 8]|

[1,11] [-2,-0.5] = [-2, 2) [4, 10] / [1, 2] = [2,10] .
Arithmetic operations on closed intervals satisfy some useful properties. To
overview them,

let A = [al, a2], B = [bl, b2], C = [el, ¢2], 0 = [0, 0,1 = [1, 1].

Using these symbols, the properties are formulated as follows:

1. A+B=B+A,
A.B =B . A (commutativity).

2. (A+B)+C=A+(B+C)
(A B) C = A (B C) (associativity).

A =1.A = A1 (identity)




Figure 2.3: a

Arithmetic Operations On Interval N

Figure 2.4: b

Arithmetic Operations on Fuzzy Numbers

d B denote Fuzzy numbers and let * denote any of the four basic

11S.




Figure 2.5: ¢

Then
A * B = Umfu.]_]n(fl * B)

(A= B)*

is a closed interval for any ae[0,1] and A and B are fuzzy number.

Among the basic operations which can be performed on fuzzy sets are the
operations of union, intersection, complement, algebraic product and alge-
braic sum. In addition to these operations, new operations called “bounded-
sum” and “bounded-difference” were defined by L. A. Zadeh to investigate the

 fuzzy reasoning which provides a way of dealing with the reasoning problems
which are too complex for precise solution. This paper investigates the alge-
hrmcpropertlesof fuzzy sets under these nex operations of bounded-sum and
ﬁi}]mded—dlﬁerence and the properties of fuzzy sets in the case where these
ons are combined with the well-known operations of union, inter-

¢ product and algebraic sum. Arithmetic Operations on fuzzy

&s Note: A*B is a fuzzy numbers, since
&
]
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Fuzzy Logics

3.1 Introduction

of many valued logic in which the truth values of variables
nstead of just the traditional values of
ain information and is mathematical

Fuzzy logic is a form
may be real number between Oand 1,i

truth or false.It is used to deal with uncert
method for representing vagueness and uncertainity in decision making.
Classical logic deals with propositions that are required to be either true
or false. Each proposition has its opposite, which is usually called a negation of
the proposition.A proposition and its negation are required to assume opposite

truth values.

-3
>
®
"]
o
®

3.2 Multivalued Logics

In multivalued logics there aré more than two truth values.The cl
valued logic can be extended into three-valued logic in various ways.

assical two-

Sevnmlthraa—w]ued logics, each with its own rationale, are now well estab-
lished. It is common in these logics to denote the truth, falsity, and indeter-
aacy by 1, 0, and 1/2, respectively.other primitives such a5 A ;— and ,




labelle hyramanql numbem in the unit interval [D, 1} ‘These val-
2 by-:evenl.Y dividing the interval between 0 and 1 are exclusive.
) _';ruth.vaiues._Of an n-valued logic is thus defined as

T, =[0= sl ik 2, 0 25k = 1

These values can be interpreted as degrees of truth.

The first series of n-valued logics for which n greater than or equal to
2 was proposed by Lukasiewicz in the early 1930s as a generalization of his
three-valued logic. It uses truth values in T and defines the primitives by the

following equations:
a Ab = min (a,b)
aVb=max (ab)
a — b= min (1,1+b-a)

3.3 Linguistic Hedges

Linguistic hedges (or simply hedges) are special linguistic terms by which other
linguistic terms are modified. Linguistic terms such as very, more or less,
fairly, or extremely are examples of hedges. They can be used for modifying
fuzzy predicates, fuzzy truth values, and fuzzy probabilities. For example, the
proposition ”x is young,” which is assumed to mean "x is young is true,” may
be modified by the hedge the following three ways:

"x is very young is true,”

"x is young is very true,”

x:sveryyuung is very true.
: : the propomtlon "x is young is likely” may be modified to "x is




predicate F. Additional modifications can be obtained by applying
the hedge to the fuzzy truth value or fuzzy probability employed in the given
proposition.

It is important to realize that linguistic hedges are not applicable to crisp
predicates, truth values, or probabilities. For example, the linglﬁstii: terms very
horizontal, very pregnant, very teenage, or very rectangular are not meaningful.
Hence, hedges do not exist in classical logic.’

Any linguistic hedge H, may be interpreted as a unary operation h ,on
the unit interval [0,1].For example, the hedge 'very’ is often interpreted as the
unary operation h(a)= a? while the hedge fairly is interpreted as

h(a)= +/a(ae[0, 1]) .Let unary operations that represent Linguistic hedges
be called modifiers.

Given a fuzzy predicate F on X and a modifier h that represents a linguistic
hedge H, the modified fuzzy predicate HF is determined for each xEx by the

equation
HF (x)= h((F(x))

This means that properties of linguistic hedges can be studied by studying
properties of the associated modifiers.

In representing modifiers of linguistic hedges, we should avoid various am-
biguities of natural language. For example, the linguistic term not very may
be viewed as the negation of the hedge very, but it may also be viewed (as
some authors argue) as a new hedge that is somewhat weaker than the hedge
very. In our further considerations, we always view any linguistic term not H,
where H is an arbitrary hedge, as the negation of H.



neric term fuzzy quantifier denote the collection of quantifiers in natural
languages whose representative elements are: several, most, much, not many,
very many, not very many, few, quite a few, large number, small number, close
to five, approximately ten, frequently, etc. In our approach, such quantifiers
are treated as fuzzy numbers which may be manipulated through the use of
fuzzy arithmetic and, more generally, fuzzy logic. '

we can extend the scope of the fuzzy predicates by the use of fuzzy quantifiers.
In general, fuzzy quantifiers are fuzzy numbers that take part in fuzzy propo-
sitions.

Fuzzy qualification has the following forms

Fuzzy Qualification Based on Truth

It claims the degree of truth of a fuzzy proposition.
Expression :It is expressed as X is t. Here, t is a fuzzy truth value.
Example : (Car is black) is NOT VERY True.

Fuzzy Qualification Based on Probability

It claims the probability, either numerical or an interval, of fuzzy proposition.
Expression : It is expressed as X is . Here, is a fuzzy probability.
Example : (Car is black) is Likely.

Fuzzy Qualification Based on Possibility

It claims the possibility of fuzzy proposition.
Expression :It is expressed as X is . Here, is a fuzzy possibility.
Example : (Car is black) is Almost Impossible..

e
e,




mmmqumﬁﬂm are defined on R and characterize linguistic terms such as
about 5, much more that 50, at least about 10 and so on.

There are two basic forms of propositions that contains absolute fuzzy quan-
tifiers.

First Form
The proposition
p: T here are Q is in I such that Vis F

where V is a variable that for each individual i in a given set I assumes a value
V(i), F is a fuzzy set defined on the set of values of variable V, and Q is a fuzzy
number on R. In general, I is an index set by which distinct measurements of
variable V are distinguished.

Example 3.1 "There are about 15 students in a given class whose fluency
in English is high.” Given a set of students, I, the value V(i) of variable V
represents in this proposition the degree of fluency in English of student 1 (ex-
pressed, e.g., by numbers in [0, 1]), F is a fuzzy set defined on the set of values
of variable V that expresses the linguistic term high, and Q is a fuzzy number
expressing the linguistic term about 15.The example of first form is shown in

figure 3.1 .

Second form

Fuzzy quantifiers of the first kind may also appear in fuzzy propositions of the
form (second form)

p : T here are Q is in 1 such that V1(i) is F1 and V2(i) is F2,
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Figure 3.1:

where. V1, V2 are variables that take values from sets V1, V2, respec-
tively, I is an index set by which distinct measurements of variables V1, V2
are identified (e.g., measurements on a set of individuals or measurements at
distinct time instants), Q is a fuzzy number on R, and F1, F2 are fuzzy sets
on V1, V2, respectively.

Example 3.2 An example of second form of a quantified fuzzy proposition
is the proposition " There are about 10 students in a given class whose fluency
in English is.high and who are young.” In this proposition,I is an index set by
which students in the given class are labelled, variables V1 and V2 characterize
fluency in English and age of the students, Q is a fuzzy number that captures
the linguistic term "about 10 ,” and F1, F2 are fuzzy sets that characterize
the linguistic terms ” high” and "young”, respectively. The example is shown in

figure 3.2




Figure 3.2:

3.4.2 Relative quantifiers

Relative quantifiers are represented by fuzzy numbers on the unit interval [0,
1] and characterize linguistic terms such as "almost all,” *about half,” "most,”
™ \g is in 1 such that V1(i) is F1 there are Qis in I such that Va(i) is F2

th quantifiers of the second kind have the general form

s a fuzzy number on [0, 1], and the meaning of the remaining symbols
previously defined.



 true or false, the truth or falsity of fuzzy 1ot

~ We classify fuzzy prepositions into following four types:
~ l.unconditional and unqualified prepositions
2.unconditional and qualified prepositions
3.conditional and unqualified prepositions

4.conditional and qualified prepositions

3.5.1 unconditional and qualified fuzzy prepositions
The canonical form of fuzzy propositions of this type, p, is expressed by the

sentence
pVisF

where V is a variable that takes values v from some universal set V, and F
is a fuzzy set on V that represents a fuzzy predicate, such as tall, expensive,
low, normal, and so on. Given a particular value of V (say, v), this value
belongs to F with membership grade F(v). This membership grade is then
interpreted as the degree of truth, T (p), of proposition p. That is,

T(p)= F(v)

for each given particular value v of variable V in proposition p. This means
that T is in effect a fuzzy set on [0, 1], which assigns the membership grade
F(v) to each value v of variable V.
Consider, for example, that 1is a set of persons, each person is characterized
or her Age, and a fuzzy set expressing the predicate Young is given.
r variable by Age and our fuzzy set by Young, we can exemplify




Propositions p of this type are characterized by either the canonical form

P:VisFis S
or the canonical form
P:proVisF isP

: where V and F have the same meaning as in the previous type , Pro (Vis
F) is the probability of fuzzy event ” Vis F,” S is a fuzzy truth qualifier, and P
X is a fuzzy probability qualifier. If desired, V may be replaced with V(i), which
has the same meaning as in previous type say that the proposition P: V is F
is S is truth-qualified, while the proposition P: pro V is F is P ,is probability
qualified. Both S and P are represented by fuzzy sets on [0,1].

The degree of truth, T (p), of any truth-qualified proposition p is given for

each veVby the equation

T(p) = S(F(v)).

3.5.3 conditonal and unqualified prepositions
itions p of this type are expressed by the canonical form

P:;ifxis A thenyis B

- pectively. These propositions may also be viewed

L. -



where R is a fuzzy set on X x Y that is determined for each zeX and each

R(xy) = j [A(x),B(Y)]

where a denotes a binary operation on [0, 1] representing a suitable fuzzy
implication. ]

3.5.4 conditonal and qualified prepositions

Propositions of this type can be characterized by either the canonical form

P:Ifxis AthenyisBis S

P: Pro x is Al|yisBisP,

where Pro X is A—y is B is -a conditional probability.
Since methods introduced for the other types of propositions can be com-
bined to deal with propositions of this type, we do not deem it necessary to

discuss them further.

»

»

é or the canonical fo
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Chapter 4

Application Of Fuzzy
Mathematics

4.1 Introduction

In the natural sciences, social sciences, engineering and technology in vanous
fields, will involve a large number of fuzzy factors and fuzzy information pro-
cessing problem, fuzzy technology into almost all areas, the column has a larger
international conference on the topic of more than a dozen fuzzy year, vari-
ous fuzzy technological achievements and products have gradually blurred by
the laboratory to society, some have achieved remarkable social and economic
benefits such as metallurgy, machinery, petroleum, chemical, electric power,
electronics, light industry, energy, transportation, health care, health, agricul-
ture, forestry, geography, hydrology, seismology, meteorology, environmental
protection, construction, behavioral science, management science, law, educa-
tion, military science and so on, each area has its own examples of successful

applications.

4.2 Fuzzy Clustering

Clustering is one of the most fundamental issues in pattern recognition. It
plays a key role in searching for structures in data. Given a finite set of data,

31
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ed tc fmm.pa:mionofxmemmmawofmm-
rong wlthin blocks of the partition and weak for data in different
- However, this requirement is too strong in many practical applications,
- and it is thus desirable to replace it with a weaker requirement. When the
‘requirement of a crisp partition of X is replaced with a weaker requirement of
a fuzzy partition or a fuzzy pseudopartition on X, we refer to the emerging
problem area as fuzzy clustering, For example :In fuzzy clustering, data points
can potentially belong to multiple clusters. For example, an apple can be red
or green (hard clustering), but an apple can also be red AND green (fuzzy
clustering). Here, the apple can be red to a certain degree as well as green
to & certain degree. Instead of the apple belonging to green [green = 1] and
not red [red = 0], the apple can belong to green [green = 0.5] and red [red
= 0.5]. These value are normalized between 0 and 1; however, they do not
represent probabilities, so the two values do not need to add up to 1. Fuzzy
pseudopartitions are often called fuzzy c partitions, where ¢ designates the
number of fuzzy classes in the partition.
There are two basic methods of fuzzy clustering. One of them, which is
based on fuzzy c-partitions, is called a fuzzy c-means clustering method. The
§ other method, based on fuzzy equivalence relations, is called a fuzzy equiva-
. lence relation-based hierarchical clustering method. We describe basic charac-
o8 teristics of these methods and illustrate each of them by an example. Various
modifications of the described methods can be found in the literature.

4.2.1 Fuzzy c-Means Clustering Method

Fuzzy c-means (FCM) is a data clustering technique in which a data set is
grouped into N clusters with every data point in the dataset belonging to
‘every cluster to a certain degree. For example, a data point that lies close to
the center of a cluster will have a high degree of membership in that cluster,
and another data point that lies far away from the center of a cluster will have
8 low degree of membership to that cluster




£ Ad(zy) =1

for all ieN,, where c is a positive integer.
For instance, given X = 1,3, 73 and
6 1 1

A=
T g I3

Ag=-i+ 0 +.£

z, Tz %3

thenA;, Azis a fuzzy pseudopartition or fuzzy 9-partition of X. Fuzzy quan-
ems are also examples of

tizations (or granulations) of variables in fuzzy syst
fuzzy pseudopartitions.

The problem of fuzzy clustering is to find a fuzzy pseudopartition and the
associated cluster centers by which the structure of the data is represented
as best as possible. This requires some criterion expressing the general idea
that associations (in the sense described by the criterion) be strong within
clusters and weak between clusters. To solvé the problem of fuzzy clustering,
we need to formulate this criterion in terms of a performance index. Usually,
the performance index is based upon cluster centers. Given a pseudopartition
T = A, As, ..., Ae, the € cluster centers, v1,Vz;...,; Ve associated with the
rtition are calculated by the formula
v = Sl AR Xe

2p_ (A X))

m > 1 is a real number that governs the influence of

AT
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‘membership grades.

4.2.2 Fuzzy c- Means Algorithm

This algorithm works by assigning membership to each data point correspond-
ing to each cluster center on the basis of distance between the cluster center and
the data point. More the data is near to the cluster center more is its member-
ship towards the particular cluster center. Clearly, summation of membership
of each data point should be equal to one. After each iteration membership
and cluster centers are updated according to the formula:

1
= e D
5, (54) =)

Let X = 1,2, 23..., Zn be the set of data points and V = vy, vg, v3..., ¥ be
the set of centers.

1. Randomly select ‘c’ cluster centers

2. Calculate the fuzzy membership ij using:

1

Bt = e sl =)
Efcml(%:_)(m_l}

3. Compute the fuzzy centers v; using:

v, = Dh=r[AdXe)]" Xy
T Dpa[AXa))m

4. Repeat step 2 and 3 until the minimum i value is achieved.

Example
To illustrate the fuzzy c-means algorithm, let us consider a data set X that
consists of the following 15 points in R’



 Assume that we want to determine a fuzzy pseudopartition with two clus-
ters (i.e., ¢ = 2). Assume further that we choose m = 1.25,8 = 0.01; | o||is the
Euclidean distance, and the initial fuzzy pseudopartition is p@ = A;, A with

8 - 854
A1=_54+E+‘”+_._,
I Ia :1315

146 146 .146
Ag=—+—+... +—
Ty Tg 19

The table b gives the values 6and figure 4.1a shows the result




— (088,2) and 1, = (5.14,2).

4.3 Pattern Recognition

00 e ddé ¢ d

The capability of recognizing and classifying patterns is one of the most fun-
damental characteristics of human intelligence. As a field of study, pattern
recognition has been evolving since the early 1950,,in close connection with
the emergence and evolution of computer technology. Pattern Recognition
may be defined as a process by which we search for structures in data and
classify these structures in to categories such that the degree of association is
high among structures of the same category and low among structures of dif-
ferent categories. The classification of objects in to categories is the subject of
cluster analysis. There are two classes of methods of fuzzy pattern recognition.

1. Fuzzy membership-roster methods

2. Fuzzy syntactic methods

4.3.1 Fuzzy membership-roster method

In fuzzy membership-roster methods, we need to store only one standard
pattern for each pattern classes.For a given unknown pattern, we mea-
sure, in an appropriate way,its degree of compatibility with each standard
pattern and then classify the pattern to a particular class according to
some criteria.

(a) Assume that n pattern classes are recognized, which are labelled by

the integers in N,.
Given a relevant pattern

u =<'“11'u2! "'uP >:




whereu; is the measurement associated with the i** feature of
pattern (ieNp)

(b) let Ax(u) denote the degree of compatibility of u with the stan-
dard pattern representing class k(keN,). A given pattern is usually
classified by the largest value of Ai(u) for all keN, but other clas-
sification criteria have also been suggested.

Specific methods for selecting pattern features, determining the degrees
Ay(u), and classifying given patterns according to these degrees have
been developed for specific types of pattern recognition problems

4.3.2 Fuzzy syntactic method

Classical syntactic methods of pattern recognition are based on the the-
ory of formal languages and grammars. In these methods, pattern classes
are represented by languages, each of which is a set of strings of symbols
from a vocabulary that are generated by the pattern grammar. These
methods are suitable for recognizing patterns that are rich in structural
information which cannot be easily expressed in numerical values.

(a) Let V be a vocabulary, and let V* denote the set of all strings
formed by symbols from V, including the empty string.

(b) Then any subset of Vx is called a language based upon the vocabu-
lary V. Some languages can be defined by grammars. A grammar,
G, is the quadruple

G =< VvaT!P'ns >
where '
i. Vu is a non terminal vocabulary;
fi. Vi is & terminal vocabulary such that V. "Vy =o;
iii. P is a finite set of production rules of the form ¢ — y, where

z and y are strings of symbols from V = VaUVr such that =
contains at least one symbol of Vy; and




| rules in P,

wmmtlofthotarmlmlvocubumy% They are usually
called primitives. Each pattemiqrepreaenwdbynstrhuofthm
pﬂmltim.mdeachpatwmclmisdeﬂnedbyaymmtm '
generates strings representing patterns in that class

(e) A fuzzy grammar, FG, is defined by the quintuple

FG =< V,V;,P,5,A >,

where
i. Vw is a non terminal vocabulary

ii. Vi is a terminal vocabulary

jii. P is a finite set of production rules;
iv. s is the starting symbol (s€V,,); and
v. A is a fuzzy set defined on P

(f) The language generated by the fuzzy grammar is a fuzz:ylaet, L (FG),
defined on the language generated by the associated crisp grammar.

For each string z¢L(G),
L(FG)(z) = maz minA(p*),

where m is the number of derivations of string z by grammar FG,
1 is the length of the k** derivation chain, and p;* denotes the i*
production rule used in the k* derivation chain (i = 1,2, ....%).




OF FUZZY MATHEMATICS

Decision making

aking decisions is undoubtedly one of the most fundamental activities of
hum:m beings. The subject of decision making is,as the name suggests the
study of how decisions are actually made and how they can be made better or
more successfully. Applications of fuzzy sets within the field of decision making
have for the most part,consisted of fuzzifications of the classical theories of
decision making. A decision is said to be made under conditions of certainity
when the outcome for each action on be determined and ordered precisely. The
problem cases are referred to as individual decision making and multiperson
dectsion making respectively

4.4.1 Individual Decision Making

Puzziness can be introduced in to the existing models of decision models in var-
jous ways. A decision situation in this model is characterized by the following

components
1. a set A of possible actions

2. a set of goals G; (ieN,) each of which is expressed in terms of a fuzzy
set defined on A :

3. a set of constraints C; (jeNm) each of which is expressed in terms of a
| fuzzy set defined on A

4. Let G; and Cj be fuzzy sets defined on sets X; and Y; respectively where
; ieN, and jeNm

F 5. Then for each ieN, and jeNm. We describe the meanings of actions in
set A in terms of sets X; and Y; by functions.

gi: A= X
¢g:A=Y;

and express goals G; and constraints C; by the composition of g; with G; and



'rureuhm

D(a) = mm[mfG;(a) mf Cj(a))
for all aeA gl
Once a fuzzy decision has been arrived at, it may be necessary to choose the ”

best”single crisp alternative & from this fuzzy set. When A is defined on R,it
is preferable to determine & by an appropriate defuzzification method.

4.4.2 Multiperson decision making

when decisions made by more than one person are modeled,two differences
from the case of a single decision maker can be considered:first,the goals of the
individual decision makers may differ such that each places a different ordering
on the alternatives;second, the individual decision makers may have access to
different information upon which to base their decision.

1. here, each member of a group of n individual decision makers is as-
sumed to have a reflexive,anti symmetric and transitive prefe:ence or-
dering p, ke N, which totally or partially orders a set X of alternatives.

9 In order to deal with the multiplicity of opinion evidenced in the group,
the social preference S may be defined as a fuzzy binary relation with

membership grade function
S:Xx*xX=[0,1],

which assigns the membership grade S(z;,z;), indicating the degree of
group preference of alternative z; over Z;.

(a) One simple method computes the relative popularity of alternative
-"imﬁj by dividing the number of persons preferring z; to ;,
: ed by N(zy, z;), by the total number of decision makers,n.This
fﬁmpla majority vote. thus,




individuals in the group.For instance, & dictatorial situation can be
modeled by the group preference relation S for which
1, ifz; >k z; for some individual k

S(mi: Tj ) T
0, otherwise,

where > represents the preference ordering of the one individual k

who exercises complete control over the group decision.

3. Once the fuzzy relationship S has been defined, the final non fuzzy group

preference can be determined by converting S into its resolution form
S= U o"5,
ae0,1]

which is the union of the crisp relations ag comprising the a-cuts of

the fuzzy relation S,each scaled by a.Each value a essentially represents
the level of agreement between the individuals concerning the particular

crisp ordering ag
4. The largest value a for which the unique compatible ordering on XzX

is found represents the maximized agreement level of the group, and the

crisp ordering itself represents the group decision.
Once a fuzzy decision has been arrived at, it may be necessary to choose the ”
best”single crisp alternative  from this fuzzy set. When A is defined on R,it
is preferable to determine 4 by an appropriate defuzzification method.

4.4.3 Multiperson decision making
n decisions made by more than one person are modeled,two differences
h 2 of a single decision maker can be considered:first,the goals of the
mydxﬁusuchthataachphmadlﬂ'mmdm
|, the dual decision makers may have access to




hieh-'.tatallyarparMaﬂyordersa.setXGfﬂmtdm_

& order to deal with the multiplicity of opinion evidenced in the group,
the social preference S may be defined as a fuzzy binary relation with

'membership grade function

S:XxX-[0,1],

which assigns the membership grade S(z;, z;), indicating the degree of
group preference of alternative x; over ;.

(a) One simple method computes the relative popularity of alternative
z; over z; by dividing the number of persons preferring z; to zj,
denoted by N(z;,z;), by the total number of decision makers,n.This
scheme corresponds to the simple majority vote. thus,

Slai,z5) = M

(b) Other methods of aggregating the individual preferences may be
used to accommodate different degrees of influence exercised by the
i individuals in the group.For instance, a dictatorial situation can be
. modeled by the group preference relation S for which
1, ifz; >*x; for some individual k

S(zi, z3) = {

0, otherwise,

- where >* represents the preference ordering of the one individual k
1T who exercises complete control over the group decision.

. the fuzzy relationship S has been defined,the final non fuzzy group
1ce can be determined by converting S into its resolution form
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whx:h is the union of the crisp relations ag comprising the a-cuts of
the fuzzy relation .S,each scaled by a.Each value « essentially represents
the level of agreement between the individuals concerning the particular
crisp ordering ag

4. The largest value a for which the unique compatible ordering on XzX
is found represents the maximized agreement level of the group, and the
crisp ordering itself represents the group decision. i

4.5 Application Of Fuzzy In different fields

In terms of soft science, fuzzy technology has been used in the investment
decision-making, corporate benefit assessment, regional development planning,
economic macro-control, in areas such as long-term market forecasting fuzzy.
Fuzzy theory will greatly promote scientific and quantitative research soft sci-
ence. For example, Yamaichi Securities in Tokyo fuzzy logic system to manage
large stocks have price assessment certificate, the system uses about one hun-
dred rules to make buy and sell decisions.

In terms of earthquake science, fuzzy technology has been related to the
long-term earthquake prediction, seismic hazard analysis and potential source
identification, earthquake prediction and earthquake disaster reduction coun-
termeasures and other fields.

In industrial process control, metallurgical furnaces has been achieved fuzzy
control, fuzzy control chemical process, cement kiln, glass kiln fuzzy control,
etc., fuzzy control technology has become an effective means of control of
complex systems, greatly broadened the automatic control Application

In the appliance industry, there have been blurred washing machines, air
conditioners fuzzy, fuzzy vacuum cleaners, auto-focus camera and camera blur,
fuzzy control televisions, microwave ovens and other household appliances
fuzzy, fuzzy logic control these appliances with a very low price varying de-
grees of change in performance, improve the machine’s "1Q", popular in the
consumer market.

In the field of artificial intelligence and computer tech, there have been




database fuzzy speech recognition aystem, Rraphios fusey clinracter tocognition
systems, fiuzy robots and other high-tech products, bt also the et e of
F -prolog, Fuze-C and other langunge mystom.

In the acrospace and military ficlds, technology has been used in the aircraft
fuzzy butt, C31 command automation systems, etc., such as NASA (NASA) s
using fuzzy technology development betwoen the shuttle and the space station
as a navigation dock automation system.
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