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Construction of a tree with n taxa on an
n—dimensional space where n = 2,3, that

preserves distance as in a given distance matrix.
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Abstract - Graph theory can be applied to Biology for better results. Tree diagram plays an important role in
Phylogenetic analysis. The interconnections and inter distance of various taxa can be visualize easily with the help of these
diagrams. Trees are connected acyclic graphs. Suppose we are given distance matrix D of order 2 x 2 (in the case of 2
taxa) or 3 x 3 (in the case of 3 taxa). This work explains the construction of a tree in R’ or R® space from the given
distance matrix D such that the taxa preserves the distance same as that of the given matrix D. The paper include
theorems to find out the number of tree structures and isomorphic tree structures possible in each case and also the
transformation from one tree structure to another on the basis of operations on graph.
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1. INTRODUCTION

Mathematics has its application in almost all subjects including Biology. In Phylogenetic Analysis, the role of
Mathematics is inevitable. Phylogeny deals with the evolutionary history of a set of taxa X. X = {x;,"* ,X,}
denote a set of taxa, in which each taxon xi represents some species, group or individual organism whose
evolutionary history is of interest to us. Tree plays an important role in phylogenetic analysis. The Distance
matrix gives pairwise distance between the set of taxa X. From this, we can form equations whose solution can be
represented in 2-space or 3-space depending on the number of taxa. Then we construct the tree in 2-space or 3-
space.The tree preserve the distance same as that of the Distance matrix. Here in this work, we are converting a
biological data to a Tree in Cartesian space where various calculations can be carried out mathematically. The
paper include theorems to find out the number of tree structures and isomorphic tree structures possible in each
case and also the transformation from one tree structure to another on the basis of operations on graph like fusion
of vertices , contraction of edges and so on. The mathematical formula for number of distinct tree structures and
the number of distinct tree structures up to isomorphism for n taxa are derived for n = 2,3.

II. Preliminaries

Definition 1.1
A graph G is a pair G= (V, E) consisting of a finite set V and a
set of 2-element subsets of V. The elements of V and E are
called Vertices and Edges respectively.
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Definition 1.2

Definition 1.3

Definition 1.4

A) Method of constructing a tree in R” space, from a given matrix D on a set of taxa X = {x;, X,}
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X ={ Xx,...,Xxp}to denote a set of taxa, in which each taxon x;
represents some species, group or individual organism whose
evolutionary history is of interest to us

A phylogeny describes the evolutionary history of a set of taxa.

A pair of vertices (u,v) in a graph G is said to be fused if the
two vertices are replaced by a single vertex denoted by (uv)
such that all the edges incident on either u or v or on both are
made incident on (uv). If from the new graph, the loop
corresponding to the edge e is deleted, then we obtain the
contraction of the edge e

Suppose we are given a distance matrix D on set of taxa X = {x;, X,}

o (0 5).cs

From D, it is clear that x; and x, are k distance apart.

Consider the equation x;+x, =k

This system of equation has infinitely many solutions.

Casel a):

Choose positive values for x; and x.

Let the solution be S (a, k — (1) where a> 0

Fix two points B (0, k — 1) and C (a, 0).The three points can be represented graphically as:

B (0,k—a)

S(a, k—a)

C (a, 0)

The taxa were placed in such a way that i taxon is in the coordinate where i entry is 0.

Solution is (a, K — (@)

Taxa x is placed in B (0, k — )
Taxa x, is placed in C (a,0)
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X

Tree

By distance formula BS = a and SC = k-a. Taxa x; and x, are k units apart (same as that in D)

Case: I1a)

Suppose we choose solution as S (0,k) or S(k,0). Then the tree has one of the following forms

X1 (le)

(0,0)

00k (0

Note:
If we choose the solution as positive values, then we obtain a tree with 3 nodes and 2 edges
If we choose the solution in such a way that one of the value is 0, the the tree obtained has 2 nodes and 1 edge.
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A) Method of constructing a tree in R® space, from a given matrix D on a set of taxa X = {x, X2, X3}
Suppose we are given a distance matrix D on X = {x;, X,, X3}

0 ky ks
D= kl 0 k3 , XiX; =k, #0 for i#j and k, > 0 for p=1, 2, 3

Consider the system of equations:
X tx=ky

xX+x3 =ky

Xot+x3=ks

The above equations can be solved and obtain the solution as

X = kitko-ks
2

Xp = kitks-ky
2

X3 = kﬁ_k;i;
2

Case 1a)

Suppose the solution we obtained is
S (kitky-ks , kjtky-ks, kotks-k; )

2 2 2
Fix three points A= (0 , k;tk;-ks, kotks-k; )
2 2
B = (k;tky-ks_, 0, ko+ks-k; ) and
2 2
C = (ky+koky_, kitkooks, 0)
2 2

A is obtained by substituting 0 in first coordinate of the solution so A represent x;

B is obtained by substituting 0 in second coordinate of the solution so B represent x,
C is obtained by substituting 0 in third coordinate of the solution so C represent x;
Thus we obtain a tree with 4 nodes and 3 edges, in which the three taxa preserves the distance as in D

Case I11B

Consider the case when k;+k, = k3 or k;+k; = k; or kytk; = k;.
Resulting in x; = 0 or x,=0 or x3=0

Suppose the solution obtained has any of the following forms
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1

1) (0,b,c) or

ii)(a,0,c) or

iii)(a, b,0).

Then we can construct tree as follows:

i)Check the position where 0 occurs. In this case 1¥ coordinate is 0.
So x; represents (0, b, ¢)
The point corresponds to x, is obtained by substituting second coordinate the obtained
solution to 0
X, takes the position of (0, 0, ¢)
The point corresponds to x; is obtained by substituting third coordinate of obtained solution
to 0
x; takes the position of (0, b, 0)
Similar case follows for ii) and iii)
The tree thus obtained has 3 nodes and 2 edges. The tree thus obtained has taxa at the nodes
that preserve the distance as in D
Note:
If the solution consists of three positive values, then the tree representation has 4 nodes and 3 edges.
If the solution has one 0 value, then the tree representation has 3 nodes and 2 edges

llustration: 1

0 4 3
p-14 0 2
3 2 0

X +x,= 4

X;+x3 =3

Xo+Xx3=2

The solution is I (2.5,1.5, 0.5)
Fix points in such a way that
x1(0,1.5,0.5)

x2(2.5,0,0.5)

x3(2.5,1.5,0)
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BACtivate Windows
G0 to Settings to activate Winc

Fig: represents is a tree with 4 nodes and 3 edges

Distance between x,; and x, = (Distance between x1 and I) + ( Distance between I and x,)
=2.5+1.5 (by distance formula)
=4=apinD=a, inD
Similarly,
Distance between x; and x3 =3
Distance between x, and x3 =2
llustration: 2

0 1 2
LeeD={1 0 3
2 3 0

X+x,=1

X +x3 =2

X, +X3=3

The solution is 1(0,1,2)

In the solution as the first coordinate is 0, this point corresponds to the taxon x,(0,1,2)
As described in Case IIB, x,(0,0,2) and x3(0,1,0)
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Fig is a tree with 3 nodes and 2 edges.

Distance between x; and x, = 1

Distance between x; and x3 = 2

Distance between x, and x3 =3
Theorem:I
Given a distance matrix D showing the distance between taxa from the set X = {xX;,X,,...Xa} , XiX; = 0, xiXj = k, #0
for i#j and k, > 0 for p=1, 2, 3....,n. For n=2,3, the relation between taxa can be shown by trees in R’or R® space
from the given distance matrix D such that the taxa preserves the distance same as that of the given matrix D. The
number of distinct tree structures obtained for n taxa is given by the expression nC, + nC,_1), n= 2,3.
Proof:
From D, we can form equations. Solution of these equations may be in R* or R depending on the number of taxa n.
Sometimes the solution contains n nonzero positive entries or sometimes n-1. If the solution has 2 or more zero
entries, then it violate the condition that x;x; = 0, x;x; = k;, #0 for i#j and k, > 0.
For n nonzero positive entries, there are nC, possibilities and for (n-1) nonzero positive entries, there are nCy, )
possibilities.
Thus the number of distinct tree structures obtained for n taxa is given by the expression nC, + nC,.;), n= 2, 3.

Theorem: 11

Given a distance matrix D showing the distance between taxa from the set X = {x;,X,,...X,} , XiX; = 0, xXj = k, #0
for i# and k, > 0 for p=1, 2, 3....,n. For n= 2,3, the relation between taxa can be shown by trees in R’or R® space
from the given distance matrix D such that the taxa preserves the distance same as that of the given matrix D. The
number of distinct tree structures upto isomorphism obtained for n taxa is given by the expression nC, + 1/n [nC,
1)], n= 2,3

Proof:

From D, we can form equations. Solution of these equations may be in R* or R depending on the number of taxa n.
Sometimes the solution contains n nonzero positive entries or sometimes n-1. If the solution has 2 or more zero
entries, then it violate the condition that x;x; = 0, x;x; = k;, #0 for i#j and k, > 0.

For n nonzero positive entries, there are nC, possibilities and for (n-1) nonzero positive entries, there are nC,.j)
possibilities. These nC,.;) gives n isomorphic tree structures.(Only difference is for the labelling of taxa. That is if 0
occurs at the i™ coordinate then that point will be labelled by i™ taxa). Thus upto isomorphism there will be 1/n
[nC.1] trees.

Thus the number of distinct tree structures upto isomorphism obtained for n taxa is given by the expression nC,
+1/n[nC(n_1)], n= 2, 3.

Theorem:III

Given a distance matrix D showing the distance between taxa from the set X = {X;,X,,...Xn} , XiX; = 0, x;X; = k, #0
for i# and k, > 0 for p=1, 2, 3....,n. For n=2,3 the relation between taxa can be shown by trees in R’or R’ space
from the given distance matrix D such that the taxa preserves the distance same as that of the given matrix D.
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The tree obtained with one entry in the solution is 0, is the fusion of a pair of vertices followed by the contraction of
an edge, from the tree obtained with no entry in the solution is 0

Proof:

Forn=2

Step I: The tree structure obtained when the solution S consist of non-zero positive values

XI
S

Step II: The pair of vertices (x;, S) in the above graph is fused and they are
replaced by a single vertex (x15)

(}u’1 S)

G,

Step III: Contraction of loop

% S)

)

Step IV: Rename the vertex by x.
The graph below is the tree structure obtained when the solution consist of (n-1) non-zero positive values.
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For n=3
Step I: The tree structure obtained when the solution S consist of non-zero positive values

XA K}

Step II: The pair of vertices (x;, S) in the above graph is fused and they are replaced by a single vertex (x;S)
(x1,X2,X3 were chosen on the basis of obtained solution)
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(X,5)

Step III: Contraction of loop
Step IV: Rename the vertex by x.
The graph below is the tree structure obtained when the solution consist of (n-1) non-zero positive values.

%

X, X3

IV.CONCLUSION

This work relates Biology and Mathematics. Mathematics always finds easier solutions to biological problems.
Here we explained a way to construct tree on 2-space or 3-space based on given distance matrix. The
interconnections or inter distance between various taxa can be shown graphically using the concepts of Graph theory
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